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Abstract. Combined with the finite element and the structural optimization methods, one remodeling model of 
bone fracture healing is proposed on the basis of the strain-energy density criterion. The strain-energy density is 
taken as the mechanical stimulus of bone remodeling, and the fracture healing is presented as internal 
remodeling of trabecular bones and described with the change of material density distribution. The numerical 
results demonstrate that the proposed method can effectively simulate the process of bone fracture healing and 
illuminate the mechanism of healing processing of bone fracture as well. 
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1. Introduction 
The bone remodeling is one of interesting topics of biomechanics. In this field, the Wolff’s law widely accepted 
and supported by experiments has shown that the principal stress directions indeed align with trabecular bone 
sites (Biewener et al., 1996; Hayes an Snyder, 1981). Firoozbakhsh and Cowin (1980) investigated the 
remodeling behavior of an initially inhomogeneous, orthotropic cylinder subjected to a period axial compressive 
load. More recent studies on adult animals in vivo (Chow et al., 1993) have shown a dose-response relationship 
between the applied loads and the formation rate of trabecular bones, and suggested that the shape and thickness 
of individual trabecular are modeled by loads. Fyhrie and Schaffler (1995) used the method of strain tolerate 
error which led to trabecular remodeling to study the relationship between strain and apparent density of 
trabecular bones. Charels et al (1997) and Christopher et al (1997) discussed the relationship between density 
distribution and modeling stimulus. Bone maintenance theory has also been developed these years. Stipner 
(1995), Huiskes (1992) and Poss et al (1988) considered the two-dimensional model of femur and studied the 
remodeling phenomenon of stress accumulation. 
This paper is aimed at to combine the research in bone mechanics and computational structural mechanics. On 
the basis of the structural optimization theory and the finite element analysis method, one numerical simulation 
method to predict bone remodeling is proposed. Utilizing the adaptive elasticity theory of bone remodeling, 
taking element material density as design variable, we form the optimization model of bone material density 
distribution. The optimization distribution of bone material is the result of bone remodeling. To solve this 
optimization problem, the optimality criteria method and sequence linear programming method are adopted here. 
An optimization algorithm based on the strain energy density criterion is proposed to solve the inverse problem 
of numerical simulation of the internal remodeling of trabecular bones. The computation is implemented in the 
software JIFEX developed for the structural finite element analysis and design optimization. As example, healing 
process of bone fracture is simulated here. It is shown that the numerical simulation provode results which are in 
accordance with the actual situation. 

2. Numerical Method of Remodeling Simulation 
On the basis of the adaptive elasticity theory (Cowin et al.1976) and strain energy criterion (Charles et al.1997), 
bone remodeling model is proposed. It is combined with bone optimization equations and finite element method 
to solve the problem of bone remodeling. The fracture healing process of bone is simulated and the mechanism 
of the fracture healing process is discussed. 

2.1 Governing equation of the reference strain-energy criterion 
The finite element stress analysis is used to calculate stresses and strains within the bone. The strain energy, 
denoted as U, can be expressed by the stresses and strains as  

 }}{{
2
1 εσ=U  (1) 
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From these mechanical variables, a stimulus is determined, which controls the rate of bone remodeling. The 
relation between the strain energy stimulus and the rate of change of bone density can be described in a 
remodeling governing rule. The actual bone density is then related to the modulus of elasticity of the bone, hence 
an updated input for the FEM model. The iterative procedure stops when the objective is reached or when the 
bone density has reached its maximum or minimal value. So the remodeling governing equation is stated as: 
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where Ui (MPa) is the strain energy density (SED) for loading case i, as calculated in a continuum model of the 
bone material. Ua is the average SED over all n loading cases, ρ(g/cm3) is the apparent density and Δρ is a 
change of density, k is a constant called reference stimulus, B is the remodeling coefficient, which is time 
dependent. Eq.(3) is the bone remodeling governing equation of the strain-energy criterion. 
The value of k is fixed in the specific period and human. The quantity Ua/ρ(Joules/gram) represents the 
remodeling stimulus and is assumed to be sensed by bone specimen cells. It depends on the quantity Ua/ρto 
determine whether bone formulation or resorption is taken for the case that place. When Ua/ρ-k≠0, there is a 
driving force which led to bone formation or resorption. When the driving force is negative, bone resorption 
occurs, while the driving force is positive, the force will induce bone formation. However, that is not so simple 
in practice. When driving force Ua/ρexceed or lower than the reference stimulus k in a less range, the bone 
remodeling will not occur, which is called dead zone. Bone remodeling will not be induced if there exists a small 
difference between the actual strain energy density and reference strain-energy density k. Hence, there always 
exists one specific dead zone s. Eq.(3) can be described as following 
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A visualization of equation (4) is given in Figure 1. 
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In the present calculation, Eq.(6) is taken as 0.001<ρ<1.74g/cm3, where 1.74g/cm3 is the apparent density of the 
compact bone. A lower boundary of 0.001 (g/cm3) instead of zero is taken, because zero density will lead to zero 
stiffness in the finite element analyses, which will give numerical problems. The relation between the elastic 
modulus and the bone density is taken as 

  (7) PKE ρ=
The value of p can be determined by the homogenization method computation of bone material elastic modulus. 
The constant k is often taken between 2000 and 3000. 

2.2 Optimality-criterion algorithm 
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Figure 2. Scheme of the OC algorithm with FE analysis 
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A schematic representation of the computer simulation process is shown in Figure 2. The main procedures are as 
follows. 
1. The values of stress, strain, and strain-energy density of structural elements of the bone are achieved by the 

finite element analyses. 
2. Based on Eq.(5), we determine whether formation or resorption occurs, which is deduced by strain energy 

governing equations. 
3. For the case of bone remodeling, the density or volume fraction ratio is changed. With the homogenization 

theory, the elastic modulus of bone can be calculated, and the iteration procedure returns to the finite 
element analysis of step 1. 

4. If the mechanical stimulus does not induce bone remodeling, then the remodeling is finished. When 
remodeling is finished, it is assumed that the strain-energy density has distributed averagely or most of the 
bone elements have gotten their limits of the value of density. At that time, the computational process is 
finished. 

The numerical simulation of bone remodeling can be achieved by solving the structural optimization problem via 
the iteration procedures above described. Based on the remodeling mechanism described in the strain-energy 
theory, the bone system induces, adjusts, responses, circulates, until the bone material distribution satisfy the 
optimization criterion of strain energy uniform distribution, which is the normal state of bone.  

3 Computational Models of Bone Fracture Healing 
To study the bone fracture healing process, the FE model of 4-node plane membrane is adopted. The elastic 
modulus is 187000 GPa and the value of Possion ratio is 0.3 (Zhang XQ et al, 2002). The middle part of the 
femur is selected for the present study, which is shown in Figure 3. Here, the outer parts of line a-b and c-d are 
virtual elements, and the inner parts of line a-b and c-d characterize the cross-section of the femur, which can be 
represented by different densities. The outer diameter of the bone is 26mm and the inner diameter is 10mm. 
Using the initial state of the bone fracture healing process, we can outline the bone fracture healing process as 
the following four types: (1) type of osteotylus-absorbed. The case can be divided as follows: type of 
outer-osteotylus-absorbed, type of inner-osteotylus-absorbed, type of modulla cavity-jam-absorbed, type of 
severe-osteotylus-absorbed and type of inner-outer-osteotylus-absorbed. The density of the bone diaphysis is 
represented as ρ1 and ρ2 , respectively. The value of ρ1 is 1.7g/cm3, and the value of ρ2 is selected as 
0.7g/cm3 and 1.2g/cm3. The five cases as shown in Figure 4 are simulated. (2) Type of osteoporosis. This case is 
shown in Figure 5. The density of bone diaphysis is lower than that of the normal bone diaphysis 1.7 g/cm3. The 
cases of ρ1=1.2g/cm3 andρ1=0.7g/cm3 are considered here. (3) Type of bone default-recovery. This type can 
be divided into three, which is expressed in Figure 6(a)(b)(c). The density of bone diaphysis is 1.7g/cm3. The 
density of bone default part is represented as 0.1, 0.3 and 0.5(g/cm3), respectively. The nine cases described 
above are simulated. (4) Type of synthesis, not discussed in this paper. 
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4 Numerical Simulation Results 
In the following, the bone fracture healing process is predicted quantitatively, which can provide the mechanism 
of bone fracture healing. The type of osteotylus-absorbed, the type of osteoporosis recover and the type of 
default-recover of bone fracture healing plastic process are simulated here. It is to show the bone fracture healing 
plastic process results using strain energy density criterion. 

4.1 Simulation of osteotylus-absorbed type healing 
Two cases, (1) outer-osteotylus-absorbed type and (2) severe-osteotylus-absorbed, are shown in Figure 4. The 
simulation computational process of outer-osteotylus-absorbed type is shown in Figure 7. (a)-(f) is the healing 
process of time 0, 100, 150, 300, 350 and 500. The results show that the outer-osteotylus has been absorbed well. 

                 
(a) t=0                       (b) t=100                       (c) t=150 

                 
(d) t=300                      (e) t=350                    (f) t=500 

Figure 7. Plastic process of outer-osteotylus-absorbed 

            
(a) t=0                    (b) t=100                     (c) t=150 

          
(d) t=300                     (e) t=500 

Figure 8. Plastic process of severe-osteotylus-absorbed 

The plastic process of severe-osteotylus-absorbed is shown in Figure 8. Similarly, the other three cases in Figure 
4 are simulated here: inner-osteotylus-absorbed type, inner-outer-osteotylus-absorbed type and modulla 
cavity-jam-absorbed type. The results show that all the cases of osteotylus-absorbed type can reach their normal 
state. It can be concluded that for each type of osteotylus-absorbed, the osteotylus can be absorbed completely 
and the bone will recover its initial state. 
We can analyze the results of Figure 7 and Figure 8. At the beginning of healing process, absorbing osteotylus is 
faster. With the time passing, the process of absorbing osteotylus is slower. It is seen in Figure 23. At first, the 
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density of bone osteotylus is 1.70g/cm3. After healing process 100, the density of outer osteotylus falls to 
0.8g/cm3 and the density of inner osteotylus is 1.2g/cm3. After healing process 200, the density of outer 
osteotylus falls to 0.3g/cm3 and the density of inner osteotylus is 1.0g/cm3. After healing process 300, outer layer 
of outer-osteotylus almost fade away and inner layer of outer-osteotylus fade away slowly. Until the time is 500, 
the osteotylus will be disappeared completely. 
In the following, as for three cases of bone fracture healing process, the relationship between the structural mass 
and the iteration are given in Figure 9. All the osteotylus, including outer-osteotylus, inner-osteotylus and any 
other type of osteotylus, can be absorbed in the bone remodeling and all the results have the identical mass even 
the initial osteotylus type is so different.  
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Figure 9. Relationship between bony mass and remodeling time 

4.2 Simulation of osteoporosis type healing 
The phenomenon of osteoporosis is very common in the clinic operation. The density of bone diaphysis is lower 
than that of the normal bone diaphysis shown in Figure 5. The phenomenon of osteoporosis is numerically 
simulated. The density of bone diaphysis is selected respectively 1.2g/cm3 and 0.7g/cm3. 
The osteoporosis recover process is simulated by taking, for example, ρ1=1,2g/cm3. In each iteration, the time 
is updated by 10. The results of bone osteoporosis recover of time 0, 100, 200 and 300 are shown in Figure 10. 
The results show that although the thinner density in initial, the healing process can recover density to the normal 
state. The relationship between the bone diaphysis density, the bone mass and iteration (remodeling time) are 
given in Figure 11(a) and (b). 

       
(a) t=0                (b) t=100             (c) N=20             (d) N=30 

Figure 10. Plastic process of osteoporosis-recover 
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Figure 11. Time dependent of osteoporosis-recover 
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4.3 Simulation of bone-default-recover 
The case of bone-default is uncommon. Here, mainly a theoretical discussion is carried out to verify if the bone 
can recover the normal state after bone-default or not. Three kinds of bone-default cases are simulated, such as 
outer-default-recover, inner-default-recover and inner-outer-default-recover. The density of bone diaphasis ρ1 
is 1.7g/cm3 and the density of bone-default ρ3  is 0.1, 0.3 and 0.5(g/cm3), respectively. The above 9 kinds of 
bone-default-recover process are simulated here. The type of bone outer-default-recover (ρ3 = 0.1g/cm3) and the 
type of bone inner-default-recover (ρ3 = 0.1g/cm3) are taken as the examples to illuminate the bone remodeling 
in detail. Figures 12 and 13 show the process of the above two cases. 
From the results, it can be concluded: 
1) The numerical simulation of each case of bone inner-outer-default-recover shows that the bone is not always 

able to recover completely. The total mass can only achieve 95% of the former. 
2) Considering velocity of recovering, we deduce that the velocity is fast at the beginning of recover, and with 

passed time, the process of default-recover become more slowly. In the last phase of remodeling, the 
changing of total mass is very small. 

                 
(a) t=0                      (b) t=50                     (c) t=100 

                 
(d) t=200                    (e) t=300                   (f) t=400 

Figure 12. Plastic remodeling process of bone outer-default-recover 

                  
(a) N=0                      (b) N=50                      (c) N=100 

          
(d) N=200                      (e) N=300 

Figure 13. Plastic remodeling process of bony inner-default-recover 

5 Conclusions 
In this paper, the strain-energy density criterion is applied to construct an optimization algorithm to simulate the 
internal remodeling of trabecular bones. The finite element method performs the numerical analysis of stress and 
strain of bones. From the results of remodeling simulation for three typical models, we draw the following 
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conclusions. 
1) The results of numerical simulation is accordance with Wolff’s law, i.e. the mechanical loading is the main 

factor driving bone remodeling, and the trabecular align with the directions of principal stress.  
2) The strain-energy density criterion is effective to simulate the actual remodeling process of trabecular bones, 

which can reflect the characteristics of adaptive remodeling theory.  
3) The simulation of the process of bone fracture healing gives good results. They are in accordance with the 

actual situation. It is also shown that the processing of bone fracture healing is the result of bone 
remodeling. 
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